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Abstract

We analyzedatafrom recentexperimentsconductedby YektaGürsel in which a corner
cubewasmovedapproximately23 micronsandthereadoutsfrom four gaugeson a reference
platewere recorded. The measurementsweredonein still air in July, 1997. We solve for
the bestfit of the threecoordinatesof motion of the cornercube,usingdatafrom all four
gauges.The overall accuracy of the measurementis approximately

�
25nm, attributableto

surveying errorsof approximately
�

3 mm. Thenoiseinherentin thegaugescorrespondsto
approximately500pmrmsaccuracy of theestimateof motion.

Part I

Setupand Data

1 Experimental Setup

Theobjective of the3-D metrologyexperimentis to determinethemotionof a testpoint to high
precisionby measuringthechangein pathlengthsof laserbeamsconnectingit to severalreference
points.Thetestpointandreferencepointpositionsaredefinedby corner-cubereflectors.

Thedataanalyzedherewerecollectedin still air in July, 1997,overadurationof approximately
500 seconds.The experimentwasbuilt andrun by YektaGürsel; the calculationsin Part II are
after[HCWP92], andthecalculationsin Part III areafter[Gür97].

As shown in Figure1, thereareN staticreferencepoints,roughlyin a plane.Threereference
pointsareadequateto performthe measurement;the apparatushasfive to allow for consistency
checks,but only four datasetsarecurrentlyavailable. Oneof the laserbeamsbetweenthe test
point startingpositionanda referencepoint is shown asa vector

�
L i; N suchvectorsmake up the

survey matrix. As thetestpoint movesby
�
δ, thelengthof eachbeampathli is readby a separate

“heterodynemetrologygauge.” Figure2 showsthecoordinatesystemandlabelingof cornercubes.
Theanalysispresentedhereanswerstwo questions:Whatis theinherentaccuracy of thegauge

data?Whatis theminimumcorrectionto thesurvey necessaryfor consistency with thegaugedata?
In Part II we describethegeometryin termsof vectorsanduseconventionaldata-fittingand

error-estimationalgorithms. In Part III the geometryis describedin termsof tetrahedraformed
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Figure1: Measurementgeometry. A survey vector
�
L i from theinitial positionof thetestpoint to

oneof thereferencepointsis shown. Thevectordisplacement(final - initial) of thetestpoint is
�
δ;

for thedataanalyzedhere, �L ��� 80cm��� �δ � � 20 microns.Theanglebetween
�
δ and

�
L i is shown

exaggerated;theactualdirectionof motionof the testpoint is toward thecenterof the reference
plate,within a few degrees.
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Figure2: Coordinatesandlabelingof cornercubes.
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Raw gauge data with linear part removed
24 Oct 97; file non_lin_gauge.eps%

Gauge 1;  rms = 1.87 nm
Gauge 2;  rms = 1.59 nm
Gauge 3;  rms = 0.275 nm
Gauge 4;  rms = 0.425 nm

Figure3: Datafrom four gaugeheadsaftercyclic averagingandsubtractionof linearpart.

by combinationsof gaugesanda customizediterative numericaltechniqueis usedfor the error
analysis.Thetwo methodsgiveconsistentresults.

2 Cyclic-averageddata

Thegaugeoutputsarerecordedasthetestpoint movesin steps.Thesedataarepre-processedby
“cyclic averaging.”1 Figure3 shows theraw gaugedataaftersubtractionof thestraightline part.
The datasegment2, of approximately500 secondsduration,wasselectedto be relatively free of
theeffectsof slammingdoorsandsimilar disturbances.Theobservedfluctuationsareattributable
to acombinationof noisein thegaugesandactual“noise” in thetestpointdisplacement.

Thereis anexpectedgeometriceffectgiving adeparturefrom linearityof magnitude

Q & � �δ � 2sin2ψ
2 � �L i � (1)

whereψ is theanglebetweentheline of motionof thetestpointand
�
L i ' ThisgivesQ & 40pmfor

the gaugewith the largestψ (approximately15deg), small comparedto the observed deviations
from linearmotion.

1UsingMatlabcodewrittenby StuartShaklan.
2Datafile /home/shaklan/microarc/3d/3dmgauge868378642.dat.
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Part II

Vector Method
In thisPart,weusethedatafrom thegaugeheadsandinformationfrom thestaticsurvey to directly
computethemotionof thetestpoint. Thegeometryis describedby vectors,with coordinatesused
only in thefinal stagesof thenumericalcomputation.

3 Analysis formulae

Theresponseof themeasurementgaugesto motionof thetestpoint is

li &(� �L i )
�
δ ��*+� �L i � ' (2)

Herethe � ','�' � symbolrepresentsthe vectornorm operation.We initially assumethat the
�
L i

areknown from surveying andthat the li arereadfrom themetrologygaugeswithout error. The
commonorigin for all vectorsis the startingposition of the test point. When coordinatesare
introduceda right-handedcoordinatesystemis usedwith the referenceplate in the negative z
directionrelative to theorigin, andwith motiontowardstheplategiving positive δz.

3.1 Solving for testpoint motion

Equation2 is non-linear, but asindicatedin Section2, thelinearapproximationis adequatefor the
datain hand.3 Keepingonly thelinear(gaugeslope)terms,Equation2 simplifiesto:

li & L̂ i -
�
δ (3)

whereL̂ i is theunit vectorfrom thetestpoint to referencepoint i (L̂ i &
�
L i . �

�
L i � ) andthe - symbol

indicatesthevectordot product. (Note that thescaleof thesurveying dropsout; only theangles
influencethegauges.)

Definethesurvey matrix:

L & Li j

� �L i � (4)

Herethei subscriptidentifieswhich referencepoint is measured,andthe j subscriptidentifies
which (x,y,z) coordinate.

Then �
l & L -

�
δ (5)

where
�
l is thevectorformedfrom theN fitted gaugeslopes,andthe - symbolrepresentsa matrix-

vectorproduct.
Designatethe solution of Equation5 that usesall N gaugesas

�
δ4. The equationis over-

determined,andrepresentsa data-fittingproblemthat canbe solvedby the Matlab least-squares
matrixsolveoperator, “ / ”.

3If thermserrorsarereducedto a level comparablein magnitudeto Q of Equation1, thelinearfit thatdetermines
theslopeof thegaugeoutputswith testpoint motioncanbemodifiedto accountfor theknown quadraticdeparture.
Thismodificationwill improve theprecisionof thenumericalmethodto thesub-picometerlevel.
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3.2 Estimation of error in 0δ and L

Theaccuracy of thesolutionis estimatedin two ways:by evaluatingtheerror

E &(� � l * L -
�
δ4 �
� (6)

andby comparingsolutionsof Equation5 foundby usingthefull dataset(
�
δ4) andvariouspartial

datasetsformedby takingtheelementsof
�
l threeat a time,eachcorrespondingto thetetrahedron

composedof threereferencepointsand the testpoint (
�
δ3). The resultingerror estimateis

�
ε &�

δ4 * �
δ3. E and � �ε � shouldprovidesimilarestimatesof theaccuracy of thefit solution

�
δ4 '

Weexpectto find thatE is dominatedby inaccuraciesin thesurvey matrixL : surveyingangular
errorsof magnitudeθ causeerrorsof magnitudeE � θ � �δ � . The uncertaintyin the cornercube
positionsis on theorderof 3mm; on the80cm baselinethis correspondsto θ � 3 - 101 3 rad,or
E � 60nm.

As acheckthatnon-zeroE comesprimarily from surveying errors,wefix
�
δ4 and

�
l andperturb

the survey matrix L to minimize E definedby Equation6. This minimizationis readily accom-
plishedby the Matlab function fmins. Designatethe perturbedmatrix LE 2 0; we expect to find
thatδL & L * LE 2 0 haselementson theorderof 1mm. Therearetwelve elements(eightof them
independent—thetwo surveying anglesper referencepoint) in L thatarevariedto minimize the
scalarquantityE; thereforetheadjustedsolutionis almostcertainlynot unique,andis therefore
unphysical.

3.3 Simulation of the effectof gaugeerrors

FromFigure3, the rms noisein the gaugedatais approximately1nm. This noiseis the sumof
noisymotionof the testpoint, andnoiseaddedby imperfectionsin themeasurement.To derive
anupperlimit to themeasurementnoise,weassumethatthetestpointmotionis perfectlysmooth
andnoise-free,andthatall observednoiseis dueto errorsin themeasurement.We simulatethis
measurementnoiseby solving for

�
δ4 many times,taking the gaugedataperturbedby a random

amounteachtime. Theperturbationsareof magnitude0.5nm * RANDN, whereRANDN is the
Matlab function that producesrandomlydistributedrandomnumberswith mean0 andvariance
1.0—this is equivalent to adding1nm rms noiseto the gauges. The resultingupperlimits to
rms noisein the determinationof

�
δ are1.0, 0.95, and0.27 nm for the x, y, andz components,

respectively.

3.4 Simulation of the effectsurveyerrors

Figure4 illustratesthe effect on E of perturbingall the coordinatesof the testpointsin random
directionsby varyingamounts,andFigure5 histogramstheresultsof a similar run. This random-
izedhunt foundsolutionsstartingat coordinatedisplacementsaround0.7mm. Therangefor the
mostprobablesolutionsis 1–3mm. Thesolutionsat arbitrarily largedisplacementscorrespondto
perturbingthepositionsof thecornercubesin amannerthatpreservesthesurveying angles.
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Figure4: Illustrationof how randomdeviationsfrom thedefault surveying dataaffect E � (Equa-
tion 6), the accuracy of the estimateof � �δ � ' Eachof the elementsof L wasperturbeda random
amountwith standarddeviationvaryingfrom 0 to 10mmin 0.1mmsteps.
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MONTE CARLO SIMULATION OF SURVEYING ERRORS

Figure5: Histogrambasedon MonteCarlosimulationwith perturbationstepsof 0.1nm. Values
below the“solutionthreshold”of 1nmarecounted.Thegapbetween0.0and0.7mmcorresponds
to theabsenceof solutionsfor this region in Figure4.
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First Cut at CC6 Motion5
27 Oct 97;  file delta_out.ps6

x;  −0.34168 m
y;    2.75587 m
z;   22.65779 m

Figure6: CC6motioncomputedusingall four gaugeheads.

4 Numerical results

4.1 Calculation with measuredsurvey

Figure6 shows thecomputedmotion,andFigure7 shows thenonlinearpartof thatmotion,both
usingall four gaugesandthe measured4 survey matrix L Note that the z-motionfollows a line
morecloselythanx or y; this is dueto feedbackto CornerCube6 position,basedonGauge5, that
ensuredlinearity asthecornercubewassteppedthroughits range.Thedeviationsfrom linearity
in thex andy directionsevidentin Figure7 maybedueto thegeometryof theflexuremountused
for thecornercube.

TheresidualsE areshown in Figure8. As expectedbecauseof inaccuraciesin thesurvey, the
E arepredominatelylinearin stepnumber.

4.2 Calculation with artificial survey

Figure9 shows theresidualsin thegaugedataafter thesurvey numbersareadjustedto minimize
E; theadjustmentsareon theorderof 1–3mm. Thermsfluctuationin E is approximately250pm
in eachgauge.Figure10 shows thedifference

�
ε between

�
δ4 andthe

�
δ3 calculatedfrom TH1; the

magnitudeof the largestcomponentis approximately500pm, consistentwith thegaugenoiseof
Figure9.

4Theseresultsareunchangedby thesurvey adjustmentdescribedbelow.
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Deviation of CC6 motion from straight line9
All 4 gauges used; 27 Oct 97; resid2.eps:
x motion =  −0.341689 microns; rms = 3672 pm
y motion = 2.75587691 microns; rms = 3101 pm
z motion = 22.65773639 micron; rms = 345 pm

Figure7: Dataof Figure6 with straight-linepartremovedandverticalscalemagnified.
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Gauge data residuals after solving for CC6 motion?
Measured survey, Gauges 1 −− 4;  29 Oct 97;  resid_gauge.eps

Gauge 1; Total = −5.839 nm
Gauge 2; Total = −6.054 nm
Gauge 3; Total =   6.335 nm
Gauge 4; Total =   5.421 nm

Figure8: Residualsin gaugedata,E, usingoriginalsurvey.
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Gauge data residuals after survey correctionB
27 Oct 97;  Gauges 1−−4;  resid2_gauge.eps

Gauge 1; rms = 245 pm
Gauge 2; rms = 261 pm
Gauge 3; rms = 254 pm
Gauge 4; rms = 206 pm

Figure9: Residualsin gaugedata,E, aftersurvey adjustment.
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CC6 Motion:  (4 Gauge solution − TH1 solution)
28 Oct 97;  After survey correction; diff1.epsE

x; rms = 468 pm
y; rms = 497 pm
z; rms = 134 pm

Figure10: Differencebetweentwo solutionsfor motionof CC6: solutionusingall 4 gauges,and
solutionusingthethreegauges(1,2,3)composingTH1 (Figure1), with survey correctionapplied.
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4.3 Summary of testpoint motion calculations

1. In addition to the approximately23micron displacementperpendicularto the reference
plane,therewasapproximately3microndisplacementin theplane(Figure6).

2. For thetotal 23micronmotiontheE of four gaugesrangesover F 6nm (Figure8), andthe
variation

�
ε rangesby F 7nm in the z-direction, F 25nm in the x- andy-directions. These

errorsarealmostcertainlydueto errorsin thesurvey.

3. The averageof all four single-tetrahedronmeasurements
�
δ3 agrees(to betterthan10pm)

with thefour-gaugedetermination
�
δ4.

4. Noneof the
�
δ3 solutionsstandsout asbeingsignificantlydifferentfrom theothers;in this

sense,noneof thegaugescanbesingledoutasanomalous.

5. The linear part of the variations
�
ε and residualsE can eliminatedby adjustmentsto the

survey. Therequiredadjustmentsfor the12degreesof freedomof L rangebetween0.2and
3mm.

6. The least-squaresdeterminationof
�
δ4 is the samewhetheror not the ∆L correctionis ap-

plied. As expected,the mathematicalsurvey correctiondoesnot improve the accuracy of
thedeterminationof thetestpoint motion; this canbeaccomplishedonly by moreaccurate
surveying.
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TH (Outer) CornerCubes TH (Inner) CornerCubes
1 1–2–3–6 5 1–3–5–6
2 1–2–4–6 6 2–3–5–6
3 1–3–4–6 7 2–4–5–6
4 2–3–4–6 8 1–4–5–6

Table1: Cornercubeassignmentsto thedifferenttetrahedra(TH) usedin theanalysisof Part III.

Part III

Triangulation/Tetrahedron Method
In thisPartweperformanalternative but equivalentanalysis,in which thegaugedataaregrouped
in tripletsto form tetrahedrawith thetestpoint,CornerCube6 (CC6). Table1 shows thetetrahe-
drondesignations(seeFigure2). Thecoordinatesystemandnotationis thesameasin PartsI and
II, excepttheorigin of coordinatesis takenasCC1,sothatmotionof CC6towardstheplateresults
in negative δz '

Theanalysisfocusesontheapparentdifferencesin thepositionof CC6computedusingdiffer-
ent tetrahedra.For eachstepin themotionof CC6, thegeometrymeasuredby the initial survey
andthetetrahedronedgelengthsmeasuredby thegaugesdeterminethethreecoordinatesof CC6
by a triangulationcomputation.The motion of CC6 is very closeto linear in stepnumber, and
thereforethe slopeof this motion for tetrahedroni, mi, canbecomputedwith high precision. If
thereareno errorsin thesurvey or in thegaugeoutputs,theslopedifferencesS & mi * m j would
all vanish.We seesignificantslopedifferences(Table2). This canbeexplainedby errorsin the
initial positionsusedfor thetriangulation.Thisanalysisof theexperimentaldatatried to establish
if thereis indeedasetof initial CCpositionsthat:

1. Are consistentwith thesurvey uncertaintyof about F 1 mm(A. Carlson,S.Shaklan).

2. Eliminatethe slopesbetweenthe differentsolutionswhendeterminingCC6 x,y,z coordi-
nates.

At first theinitial survey of theCC’sis usedto triangulateCC6positionalongits pathof motion
usingtheheterodynegaugedata(seeFigure11). This resultsin knowledgeof its x,y,z motionto
someaccuracy. At the sametime onecandeterminethe slopedifferencesS. All of that is now
usedto:

1. Calculate ∂S
∂CC for any positionshift ∆CC of eachCC in x,y,z usingtheknowledgeof CC6

x,y,z motioncomponents.

2. Calculatechangesto CCpositionsnecessaryto minimizeslopes,by solvingthematrixequa-
tion

∂S
∂CC - ∆CC & S

for ∆CC'
11



SlopeDifferenceS (nm/micron)
TH Pair x y z

1-2 -2.018393 2.117414 -0.069839
1-3 -0.023386 2.127033 -0.609754
1-4 -2.194484 0.106363 -0.586079
2-3 1.995007 0.009619 -0.539915
2-4 -0.176091 -2.011051 -0.516240
3-4 -2.171098 -2.020670 0.023675
5-6 -0.425481 -0.398034 0.005221
5-7 -2.027428 1.542750 0.010261
5-8 -1.858390 1.699283 0.008191
6-7 -1.601947 1.940784 0.005041
6-8 -1.432908 2.097317 0.002971
7-8 0.169038 0.156533 -0.002070

Table2: Slopesdifferencesof CC6motion(in unitsof nanometer/micron).

After applyingthesechangestheprogramstartsagain usingthenew CC positionsto geta more
accurateestimateof theCC6x,y,z motionrepeatingsteps1 and2. Table3 shows theresultsafter
five iterations.

Figures12 and13 show the differencein CC6 positionbetweenTH3 andTH4 in x,y andz
initially andafterfiveiterations.It is apparentthatinitially thedifferenceincreaseslinearly(slope)
with theCC6motion.In thisparticularexampletheprogramtriedtominimizetheslopedifferences
S betweenTH6 andTH8 (innerTH). Theoffsetof thedatain Figure13 is introducedby a linear
fit to aslightly quadraticfunctionandhasno impacton thisanalysis.
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CC - corner cube
TH - tetrahedron, any 3 base plate corner cubes
        used to determine CC6 x.y.z coordinates.  

Figure11: Flow diagramfor numericalsolutionby thetriangulation/tetrahedronmethod.
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Figure12: x,y,z componentsof S for TH 3 and4 before modifying thesurveyedCCpositions.
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Figure13: x,y,z componentsof S for TH 3 and4 after modifying thesurveyedCCpositions.
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H
δ (micron)

TH x y z
1 0.341592708 -2.753849168 -22.662238719
2 0.341593889 -2.753850406 -22.662238665
3 0.341592721 -2.753850413 -22.662238382
4 0.341593995 -2.753849226 -22.662238403
5 0.341592574 -2.753835784 -22.662242720
6 0.341579003 -2.753848556 -22.662242638
7 0.341592575 -2.753865006 -22.662242815
8 0.341608485 -2.753850317 -22.662242913

SlopedifferenceS (nm/micron)
TH Pair x y z

1–2 -0.000009 0.000009 -0.000001
1–3 -0.000000 0.000009 -0.000002
1–4 -0.000010 0.000000 -0.000001
2–3 0.000009 0.000000 -0.000001
2–4 -0.000001 -0.000009 -0.000000
3–4 -0.000009 -0.000009 0.000001
5–6 -0.000598 -0.000561 0.000011
5–7 -0.000060 -0.001211 0.000015
5–8 0.000629 -0.000575 0.000003
6–7 0.000538 -0.000650 0.000004
6–8 0.001226 -0.000014 -0.000008
7–8 0.000689 0.000636 -0.000013

Changefrom survey ∆CC(mm)
CC x y z
1 0.275262 -0.046137 -0.125329
2 -0.251751 -0.282098 -0.221106
3 0.884681 -0.475751 0.241571
4 -0.333483 0.764368 0.289743
5 0.096004 -0.388666 0.009030
6 0.012366 -0.402536 -0.119713

Table3: Resultsof programtrying to minimizetheslopebetweenTH6 andTH8.
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